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ABSTRACT

This thesis presents a statistical analysis of two interesting astronomical applications that

involve point process data.

The first chapter presents an application in solar physics that looks at two types of solar

events: solar flares and coronal mass ejections (CMEs). The data are viewed as a marked

point process in time, and the analysis seeks to determine whether there is a local temporal

correlation between the two event types. A key statistical complication is that the two

processes follow an inhomogeneous long term rate function that changes with the solar

cycle. Our goal is to evaluate the local temporal correlation, adjusting for the fluctuation

in intensity due to changes in the long term solar cycle. We present a novel approach

that begins by aggregating the relative onset times for CME events relative to solar flare

events in a small local window. Any local temporal correlation between the two processes

would be represented by a dip or a bump in the histogram of those relative time points. We

present two functional forms to model the distribution of the relative time points, and model

parameters are estimated by the method of maximum likelihood. Statistical significance of

the local temporal correlation was assessed via a bootstrap approach that attempts to mimic

the long term trends in the data while removing any local dependence that exists. We find

that there is indeed a statistically significant increase in the probability that a CME will

occur in the minutes preceding the onset of a solar flare. A second bootstrap approach was

implemented in order to construct confidence intervals for the fitted parameter estimates in

order to provide a descriptive model for the nature of the local temporal correlation.

The second chapter presents a statistical analysis of the Quasar Luminosity Function.

This application falls under the subfield of cosmology, and the thrust of the analysis is

density estimation, model selection, and the detection of interaction effects in a two-

dimensional point process. Following the work of Richards et al. [24], this paper presents

a flexible parametric model of quasars as a non-homogeneous Poisson process over the

space of luminosity and redshift. Our contribution to this work is two-fold: first, to allow
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the introduction of higher-order terms as warranted by the data, and second, to extend the

model in order to detect and describe any interaction effect between luminosity and red-

shift present in the data. Major complicating factors in this analysis are data truncation that

occurs when quasars are too faint or too far away to be detected from Earth, and sampling

bias due to the fact that quasars in the data set were not selected uniformly at random from

the population of all quasars in the universe.
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CHAPTER 1

DETECTING A TEMPORAL CORRELATION BETWEEN SOLAR

FLARES AND CORONAL MASS EJECTIONS

1.1 Introduction

Solar flares [10] [14] are enormous explosions that occur on the surface of the Sun and

usually last for a few minutes. Coronal mass ejections (CMEs) [13] are the expulsion

of tremendous bubbles of plasma from the solar corona that may last for several hours.

Both types of events are of interest to solar and space physicists [11] [15], as they have

the potential to result in geomagnetic storms that cause electrical disturbances on or near

Earth.

There is currently widespread debate in the solar physics community about whether

solar flares and CMEs are temporally associated. Better descriptions of the time trends

in and relationships between these two processes would increase scientists’ understanding

of the way in which magnetic energy is released in the solar corona and allow for more

accurate predictions of CMEs and flares.

Our analysis demonstrates that there is a statistically significant local temporal correla-

tion between the onset times of coronal mass ejections and solar flares, and provides some

insight into the nature of this correlation. A novel statistical approach is presented for as-

sessing local dependence between two types of events in a marked point process [22] [4]

with an inhomogeneous large-scale intensity function. Block bootstrap techniques [7] are

implemented in order to assess the significance of the local temporal correlation and to form

confidence intervals for parameter estimates in a descriptive model of that dependence.
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1.2 Literature Review

There is currently no published work that attempts to analyze the marked point

process [22] [4] that is obtained by superimposing the onset times of both solar flares

and CMEs. Wheatland, Sturrock, and McTiernan [28] used the Bayesian blocks technique

proposed by Scargle [26] to fit a piecewise constant intensity function to solar flare data,

and discovered an overabundance of short waiting times than would be expected under the

independent Poisson hypothesis.

In later works, Wheatland examined the local behavior of solar flares [30] and

CMEs [31] and hypothesized that there may be an additional obscuration effect [29] in

the solar flare data, whereby the instrument experiences a delay in the ability to detect

small flares after a large flare is observed. In his 2004 paper, Wheatland [32] concludes

that a piecewise-constant Poisson process provides a good model for solar flaring activity

associated with a particular active region.

1.3 The Data

1.3.1 The GOES Solar Flare Catalog

The solar flare data analyzed in this paper consists of 6,506 soft X-ray flares from the

Geostationary Operational Environmental Satellites (GOES) catalog that were observed

between April 1, 1999 and December 31, 2003. The solar flare is presented in Figure 1.1

according to onset time and soft X-ray intensity level. The catalog also include measures

of peak time, end time, and physical location on the Sun.

In order to avoid any bias that could result from fluctuations in background levels of

solar X-Ray emission that interfere with the detection of small solar flares, only those flares

with a peak flux greater than a threshold value of -5.6 on thelog10 scale (10−5.6 W/m2,

corresponding to a GOES C2.51 class flare) were included in the study. This threshold is

indicated by a red horizontal line in Figure 1.1.
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Figure 1.1: GOES solar flare events with onset time on the horizontal axis andlog10 soft
X-ray intensity on the vertical axis. The red horizontal line indicates the intensity threshold
of −5.6 on thelog10 scale (10−5.6 W/m2, corresponding to a GOES C2.51 class flare).
Only those flares with alog10 intensity above−5.6 were used in this analysis.
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1.3.2 The Catholic University CDAW Coronal Mass Ejection Catalog

The coronal mass ejection data used in this analysis comes from the CDAW CME catalog

which is generated and maintained by NASA and The Catholic University of America.

This catalog contains all CMEs manually identified since 1996 from the Large Angle and

Spectrometric Coronagraph (LASCO) on board the Solar and Heliospheric Observatory

(SOHO) mission.

The portion of the CDAW CME catalog used in this analysis contains 6,604 CME

events that were observed between April 1, 1999 and December 31, 2003. The catalog

contains time stamps for the first time of appearance of the CME in the C2 field of view

of the SOHO-LASCO instrument, as well as an estimate of the actual onset time for each

CME. The estimated onset times were obtained using a linear extrapolation based on the

observed velocity of each CME at the time of first observation. All time stamps have a

one-minute temporal resolution, but it should be noted that the LASCO instrument only

takes an image of the Sun about once every 20 minutes, and therefore the times of first

appearance for CMEs in the C2 field of view are recorded in 20 minute intervals. The

catalog also contains measurements of CME velocity (measured in km/s) and principle

angle (the positional angle on the Sun measured in degrees counterclockwise from the

north pole).

1.4 Preliminary Investigation

In order to gain some intuition about the behavior of the two solar processes over time, their

Poisson intensity functions were estimated using a 100-day sliding window to estimate the

average number of events per day for each type of solar event. The results are shown in

Figure 1.2. It is known that both CMEs and solar flares follow trends in the solar cycle, and

therefore it is expected that we would observe a tendency for the rates of the two processes

to follow each other. An interesting observation is that the flaring rate increased sharply

during the solar maximum which occurred at the end of 2001, while the CME rate remained

relatively stable during that time.
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Figure 1.2: Sliding window estimates of CME and flare rates over time. This plot contains
information about the long-term trends in the rates of the two processes. Note that the
flare rate increased during the solar maximum which occurred at the end of 2001, while the
CME rate remained relatively stable during that time. This plot was created by computing
the average number of events per day that occurred over a 100 day sliding window. That
is, for each day between April 1, 1999 and December 31, 2003, we counted the number
of CMEs and the number of flares that occurred within±50 days of that date. The counts
were then divided by100 so that the estimates represent the average number of events per
day for the time period from−50 to +50 days about the given date.
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To get a glimpse into the nature of the data on a smaller time scale, a typical 100 day

interval of GOES solar flare events and CDAW CME events is presented in Figure 1.3.

It is clear that a simple homogeneous Poisson process [16] does not provide an adequate

description of the univariate point processes underlying either data set. In addition, the data

shown in Figure 1.3 may hint at a tendency for CME and flare events to clump together on

a local time scale. It is this phenomena that is the central focus for our research.

1.5 Methods

1.5.1 Detecting a Temporal Correlation Between Solar Flares and CMEs

It is known that occurrence rates of solar flares and coronal mass ejections both follow the

long-term trends in the solar cycle. The main goal of this study is to determine whether

these two types of events are in fact correlated on a much smaller time scale. That is, we

are interested in answering the question of whether the occurrence of a single solar flare

event makes the occurrence of a CME more or less likely in the surrounding minutes or

hours, and vice versa.

In order to access the significance of a local temporal correlation between the two

processes, we create a data set of secondary measurements which represent the relative

onset times between the two types of events. For each flare onset timeτF and each CME

onset timeτC , we compute the difference

τD = τC − τF (1.1)

Next, we letT be the set of all differencesτD such thatτD∈[−W,W ], whereW is the

half-width of the temporal window. To clarify, we restrict our collectionT to be only those

differences between CMEs and flares that occurred withinW minutes of one another. For

this analysis we choseW=500, so that only those CMEs and flares that occurred within

W=500 minutes of each other were included inT.

Once these differences are collected, a histogram of the relative time points can provide

insight into the nature of the relationship between the two processes. The intuition here

is that if the two processes are indeed independent in a local sense, then we would expect
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Figure 1.3: A typical 100 day interval of (A) CDAW coronal mass ejections and (B) GOES
solar flare events. The onset time is presented on the horizontal axis and a relevant measure
of event size for each type of event is presented on the vertical axes. For CMEs the event
size was measured by velocity (in km/s), and for flares the event size was measured in
X-ray intensity on thelog10 scale.
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a histogram of the valuesτD∈T to appear flat, or uniform. If instead this histogram was

found to include a bump of increased density, then this bump would represent an increase

or decrease in the probability that a CME event will occur relative to the onset time of a

flare event. Note that this analysis does not take into account the physical proximity of a

particular CME and flare event.

A histogram of the|T| = 17,356 relative time pointsτD for the CDAW coronal mass

ejection onset times relative to the GOES solar flare onset times is given in Figure 1.4. One

interesting observation is that there appears to be a bump to the left of timet = 0, which

suggests that there may be increased probability that a coronal mass ejection will occur

immediately preceding a solar flare event.

However, there are two key considerations in our use of the measurementsτD that we

must be careful to state clearly. First, we can not consider the measurementsτD∈T to be

independent samples, because it is possible for (and this indeed occurs in our data) a single

CME event to be counted twice withinT whenever it occurs withinW=500 minutes of

two different flare events. Second, we know that the CME and flare processes both follow

the solar cycle, and so there will be long-term correlations in the overall intensity function

for which we must account.

1.5.2 Two Models for the Distribution of Relative Onset Times

In order to assess the correlation between the two processes, two functional forms for the

density of the relative onset timesT were considered. Each of the functional forms was

intended to allow for a bump ofincreasedprobability of the occurrence of a CME relative

to the occurrence of a flare, as this was the direction of the relationship observed in the data.

One model is a simple piecewise-uniform density with a uniform bump, and the other is a

smoother mixture model comprised of an overall uniform density with a Gaussian bump.
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Figure 1.4: Histogram and fitted densities for the relative time pointsτD∈T of CDAW
CME onset times relative to GOES flare onset times. There are|T| = 17,356 relative
time points in this data set. The histogram counts are shown in gray, with a bin width 10
minutes. The fitted density under the piecewise-uniform model is shown in red, and the
fitted density under the Gaussian-uniform mixture model is shown in blue. The vertical
axes ticks represent counts on the left and fitted density on the right. Note that although the
histogram displays binned counts for the data, the maximum likelihood fitting of the two
densities was performed in a continuous (non-binned) setting under the resolution of the
catalog time stamps, which are in minutes.
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A Piecewise-Uniform Model

The first model for the relative times pointsT is a simple piecewise-uniform density

f(t ; γ, µ, σ) =


γ

2W + 1−γ
2σ , if t ∈ [ µ− σ , µ+ σ ]

γ
2W , otherwise

(1.2)

whereγ is the mixture parameter,µ represents the center of the bump,σ represents the

half-width of the bump, andW is the half-width of the temporal window. The uniform

bump is restricted to lie fully within the range[−W,W ], and the density must integrate to

one. If the observations were strictly independent, the likelihood would be

L (γ, µ, σ |T) =
n∏

i=1
P ( T = ti | γ, µ, σ )

=
( γ

2W

)|T0| ·
[

γ

2W
+

1− γ

2σ

]|T1|
(1.3)

where|T0| is the number of relative time pointsτD that lie outside the bump,|T1| is the

number of relative time pointsτD that lie inside the bump, and the support set for the

parameters is as described above. Note that the resolution of onset time for both CMEs and

flares is in minutes, so we will restrictσ andµ to be in increments of 0.5 minutes. The

log-likelihood is

` (γ, µ, σ |T) = ln

[ ( γ

2W

)|T0| ·
[

γ

2W
+

1− γ

2σ

]|T1|
]

= |T0| · ln
( γ

2W

)
+ |T1| · ln

[
γ

2W
+

1− γ

2σ

]
(1.4)
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A Gaussian-Uniform Mixture Model

An examination of the data suggests that a smoother model of density for the relative onset

timesT might better fit the data. To this end, a uniform density with a Gaussian “bump”

was considered. The general functional form for this density is

f(t ; γ, µ, σ) =
γ

2W
+

1− γ

I
· g(t ; µ, σ) (1.5)

whereµ andσ are the mean and standard deviation of the Gaussian bump,g(t ; µ, σ) is

the Gaussian density with meanµ and standard deviationσ, andI is the integral of the

Gaussian density restricted to the interval[−W,W ]. For identifiability, model parameters

were restricted toγ∈[0, 1], µ∈[−W,W ], andσ∈[0,W ] with µ andσ integer valued. The

overall densityf is by default restricted to integrate to one. If the observations were strictly

independent, the likelihood would be

L (γ, µ, σ |T) =
n∏

i=1
P ( T = ti | γ, µ, σ )

=
n∏

i=1

[
γ

2W
+

1− γ

I
· g(ti ; µ, σ)

]
(1.6)

1.5.3 A Numerical Approach to Parameter Estimation

For each of the two functional forms considered above, maximizing the likelihood is mathe-

matically intractable. In addition, the likelihood surfaces is non-convex, so it is not possible

to obtain maximum likelihood estimates for the parameters using a simple gradient search

algorithm. As an alternative, a semi-greedy [8] grid search was utilized to improve the

ability to locate the true maximum likelihood parameter values under each data set.

The procedure begins by evaluatingP points in the likelihood surface determined by

a coarse grid over the parameter space. From within this grid, theM parameter values

that led to the maximal function evaluations are selected. A finer grid ofP points is then

placed over each of theM locations in the parameter space, and the function is evaluated
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Model for Distribution of T γ̂ µ̂ σ̂ log-likelihood
Piecewise-Uniform Model 0.970 -21 26.5 -119792
Gaussian-Uniform Mixture Model 0.965 -22 22.0 -119780

Table 1.1: Maximum likelihood estimates of parameters under two different functional
forms for the distribution ofT. For both distributional models,γ is the mixture parameter
between the overall uniform density and the “bump” of increased probability, andµ andσ
represent the center and spread of the bump.

at all M×P grid points. Once again,M optimal locations are then selected from those

M×P locations, and the process is repeated until two conditions are met: (1) the desired

resolution is achieved for each parameter, and (2) at the given stage in the process, theM

selected maximal locations are neighboring. There are three unknown parameters under

each of the two densities considered, so for convenience the results presented in this paper

were obtained using the above procedure withP=103=1000 andM=10.

The fitted densities under the piecewise-uniform model and the Gaussian-uniform mix-

ture model are plotted along with the histogram of relative time points in Figure 1.4, and

parameter estimates are presented in Table 1.1. Note that under the piecewise-uniform

model, the period of increased probability for a CME to occur is during the time interval

of τD∈[−47.5, 5.5] minutes relative to the onset time of a solar flare. Also note that the

log-likelihood is larger under the Gaussian-uniform mixture model, which suggests that

the smoother model provides a better fit for the data.

1.5.4 Assessing the Significance of a Local Temporal Correlation

A block-of-blocks bootstrap [7] [17] [20] technique was implemented in order to assess

whether an observed increase (or “bump”) in the fitted density was in fact statistically

significant. Our bootstrap method creates resampled data sets from the original data in

such a way that the overall temporal association that follows the solar cycle is preserved,

while any local correlation that might exist within a small temporal window is removed.

In order to compare the model fit for the real data with those achieved on bootstrapped
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data sets, the log-likelihood ratio statistic [25]

LR = − ln

[
L( T |H0 )

L( T |HA )

]
= `( T |HA ) − `( T |H0 ) (1.7)

is utilized. In our case, the null hypothesisH0 represents the restricted uniform model for

T, while the alternative hypothesisHA represents the model fit under the Gaussian-uniform

mixture model for the density ofT as described in Section 1.5.2. Note that the factor of

two that is traditionally included in the likelihood ratio statistic has been omitted.

To create the resampled data sets, the full time spectrum was divided into blocks. The

the total length of the time spectrum for the data was2,499,840 minutes, and so the spec-

trum was divided intoK=499 blocks of lengthL=5000 minutes, where the last piece of

the spectrum which was too short to form a complete block was removed from both the

real analysis and the bootstrapped analysis.

Next, for each of theK=499 blocks of time, attach the solar flares that occurred inside

that block of time. Then attach the CMEs that occurred either inside that block or within

±W minutes of the edges of that block. It is critical that the reader understand this detail

of the procedure. By attaching those CMEs that fall withinW minutes of the edge of the

block, we ensure that any CME and flare which originally occurred withW minutes of

each other will have the potential to be included in our bootstrapped sample. Note that

CME events that fall within±W minutes of the breakpoint between two blocks will be

attached to both blocks.

We constructedR1=500 bootstrapped data sets under the following procedure:

• For iterationr = 1 toR1:

1. Fork = 1 toK,

(a) Select a blockB1 at random with replacement from the set ofK blocks.

(b) Condition on the number of flare events in blockB1, and select a blockB2

at random with replacement from the set ofK blocks such thatB1 andB2

contain the same number (or a similar number) of flare events.

(c) Overlay the two blocksB1 andB2 on top of each other so that the start

points and end points are the same.
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(d) Compute the relative onset timesτ̃D for each CME event in blockB2 with

respect to each flare event in blockB1.

2. Combine all relative onset timesτ̃D from thoseK resampled blocks into a final

collectionT̃.

3. Fit a Gaussian-uniform mixture model to the relative time pointsT̃.

4. Compute the likelihood-ratio test statistic for the resampled data.

A diagram of this bootstrap procedure is presented in Figure 1.5. In practice, the degree

of agreement between the number of flare events in blocksB1 andB2 at Step (1b) was

variable and selected such that the difference between the number of flares was as small

as possible while still allowing at least ten choices of blockB2 for any blockB1. Also

note that Step (1b) ensures that the long-term correlation between the two processes are

preserved. That is, flares that occur during high-activity periods are paired with CMEs that

also occurred during periods with high flaring activity, and vice versa.

The reason that we have chosen to measure the contributions for blocks separately

rather than to create a complete realigned dataset is because our method of resampling

avoids the complication that can occur at the edges when temporal blocks that did not occur

together are realigned next to each other. In order to understand why this is necessary,

consider an alternate scenario in which only those CMEs which occur inside of a given

block are attached to the block. Suppose the above Step (1a) and Step (1b) remain the

same, but then the collapsed blocks from Step (1c) are realigned side-by-side to form a

single temporal spectrum and the relative times points are determined from this realigned

spectrum. If we then viewed the histogram of the relative time pointsτD from this realigned

spectrum we would find a tendency for the frequency in the histogram to be reduced at the

edges of the temporal window[−W,W ]. This is because we would have put blocks from

high-intensity periods next to blocks from low-intensity periods, and therefore we would

find an artificially reduced probability for a CME to occur as we move farther and farther

away from a specified flare event in the realigned spectrum. Our block-of-blocks bootstrap

technique [17] aggregates the individual contributions from each block in order to avoid

this problem all together.
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Figure 1.5: Diagram of the bootstrap procedure for evaluating the significance of the local
temporal correlation. In this toy example, BlockB1 has been selected at random from the
set ofK blocks. In this case, BlockB1 contains six flare events and therefore Block B2
was selected at random from the set of all blocks in the setK that contain six flare events.
Block B1 and BlockB2 are then overlaid, and the relative onset timesτD are computed
for the CMEs in BlockB2 relative to the flares in BlockB1. Note that each block contains
all flare events that occur inside the block, and all CME events that occur either inside the
block or within±W minutes of the block. Compare this procedure to the bootstrap method
presented in Figure 1.6 which is used to form bootstrapped confidence intervals for the
fitted parameter estimates.
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The log-likelihood of the real data under the strictly uniform null model is

`( T |H0 ) = ln

[(
1

2W

)|T|]
(1.8)

= −|T| · ln(2W ) (1.9)

= −17365 · ln(1000) (1.10)

= −119891 (1.11)

and so the observed value of the log-likelihood ratio statistic under the Gaussian-uniform

mixture model is

LR = `( T |HA ) − `( T |H0 ) (1.12)

= −119780 + 119891 (1.13)

= 111 (1.14)

This observed value for the real data far exceeds the maximum value of the log-likelihood

ratio statistic observed in the collection ofR1=500 bootstrapped data sets, which was

LR=6. Therefore, thep-value of the bootstrapped significance test isp<0.002. Note

that our p-value is based on the fact that we have only constructedR1=500 bootstrapped

samples. We would expect the actual p-value to be extremely small because the discrep-

ancy between the observed statistic (LR=111) and the maximum observed statistic for the

bootstrapped data sets (LR=6) is so large. Our analysis indicates a highly significant local

temporal correlation between the onset time of a solar flare and the onset time of a CME.

1.5.5 Estimating the Uncertainty in the Parameter Estimates

The two fitted models provide a description of the nature of the correlation between the

two processes, and therefore it is useful to have a measure of the uncertainty in each of the

parameter estimates.

To this end, a second bootstrap approach [7] was implemented with the aim of preserv-

ing both the local temporal correlation and the overall trends due to the solar cycle. The
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main difference between this bootstrap procedure and the bootstrap procedure described in

Section 1.5.5 is that CME and flare events that occurred in the same block remain attached –

there is no re-matching of flare events from one block with CME events from another block.

Rather, we sample whole blocks from the set ofK=499 blocks. This is necessary because

the goal is to create resampled data sets that resemble our real data as closely as possible,

so that we can feel confident that parameters estimated on those resampled data sets are

comparable to those measured on the real data.

We constructedR2=500 bootstrapped data sets under the following procedure:

• For iterationr = 1 toR2:

1. For blockk = 1 toK,

(a) Select a blockB1 at random with replacement.

(b) Compute the relative onset timesτ̃D for each CME onset time relative to

each flare onset time within blockB1.

2. Combine all relative onset timesτ̃D from thoseK resampled blocks into a final

collectionT̃.

3. Fit a Gaussian-uniform mixture model to the relative time pointsT̃, and record

the fitted parameter estimates.

A diagram of this bootstrap procedure is presented in Figure 1.6.

Parameters were estimated for each of theR2=500 resampled data sets, and confidence

intervals for the parameter estimates were formed using the basic bootstrap confidence

limits described in equation 2.10 of Davison and Hinkley [7]. The resulting 95% confi-

dence intervals are presented in Table 1.2 along with the original maximum likelihood

estimates that were computed on the real data. Note that the confidence intervals for the

mixture parameterγ does not include1.0, which would represent a purely uniform model.

This provides additional evidence that a local temporal correlation exists between the two

processes. It should also be noted that histograms of the bootstrapped estimates of the

three parameters were all symmetric in appearance.
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Figure 1.6: Diagram of the bootstrap procedure for constructing confidence intervals for
the parameter estimates. In this toy example, BlockB1 has been selected at random from
the set ofK blocks. The relative timesτD are computed for the CMEs onset times rel-
ative to the flare onset times. Compare this procedure to the bootstrap method shown in
Figure 1.5, and note that this approach preserves any local temporal correlation that might
exist between the two processes. For ease of interpretation, BlockB1 represents the same
BlockB1 shown in Figure 1.5.

Parameter MLE 95% Confidence Interval
γ 0.965 [0.959, 0.971]
µ −22 [−27,−17]
σ 22.0 [18.0, 25.0]

Table 1.2: Maximum likelihood estimates and bootstrapped 95% confidence intervals for
model parameters under the Gaussian-Uniform mixture model for the distribution ofT. The
maximum likelihood estimates were computed on the real data, and confidence intervals
were formed using the basic bootstrap confidence limits described in Davison and Hink-
ley [7]. Confidence intervals are based onR2=500 resampled data sets that were created
using the bootstrap procedure described in Section 1.5.5.
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1.6 Summary

We have found a highly statistically significant local temporal correlation between the onset

times of coronal mass ejections and the onset times of solar flares. There is an increased

probability for a CME to occur in the minutes preceding the onset of a solar flare. Under

a Gaussian-uniform mixture model, the maximum likelihood estimates for the mean and

standard deviation of the spike of increased probability areµ̂= − 22 minutes and̂σ=22.0

minutes respectively. Bootstrapped 95% confidence intervals for the parameter estimates

areµ∈[−26,−17] andσ∈[19.0, 26.0].

Our analysis provides a statistical basis to conclude that solar flares and coronal mass

ejections are indeed correlated on a local time scale. This evidence should inform the cur-

rent debate in the astronomical community, and will likely provide insight for astronomers

who are working to better understand the processes by which magnetic energy is released

from the solar corona. It is also likely that this analysis could lead to improvements in

current methodologies for the detection and prediction of both solar flare and coronal mass

ejection events, as it provides a statistical basis for the inclusion of data from each type of

process as a covariate when attempting to predict the occurrence of the other.

However, we would like to make it clear that although it can be tempting to view the

location of the bump in density for CME events relative to flare events as an indication

of causation (eg. CMEs are more likely to occur right before a flare, therefore CMEs

causeflares), it is very important to keep in mind that this result may simply point to

an underlying mechanism that is driving both types of solar events. We make no assertion

about the underlying mechanism that is driving either process except to say that these events

are clearly correlated on a local time scale.

Finally, the novel statistical approach presented in this chapter provides a technique

for both detecting and assessing the nature of a local temporal correlation between two

processes in the presence of an inhomogeneous long-term rate function to which the two

processes are tied.



CHAPTER 2

ESTIMATING THE QUASAR LUMINOSITY FUNCTION

2.1 Introduction

The Quasar Luminosity Function (QLF) is the spatial density of quasars (per Mpc3 per

mag) as a function of absolute optical magnitudeM and redshiftz. The data are quasars

detected in the Sloan Digital Sky Survey, and major complicating factors in the analysis

are data truncation that occurs when quasars are too faint or too far away to be detected

from Earth, and sampling bias due to the fact that quasars in the data set were not selected

uniformly at random from the population of all quasars in the universe.

Following the work of Richards et al. [24], this paper presents a flexible parametric

model of quasars as a non-homogeneous Poisson process over theM×z space. Our con-

tribution to this model is two-fold: first, to allow the introduction of higher-order terms

as warranted by the data, and second, to further extend the model in order to better detect

and describe theM×z dependency in the data. Parameters are estimated using the method

of maximum likelihood, and model selection is performed using the Bayesian Information

Criterion.

2.1.1 Background

Astronomers today theorize that quasars are created when gases and materials form an ac-

cretion disk and reach luminous speeds as they fall into a supermassive black hole. Quasars

can emit visible, UV, and gamma light, and some are also known to emit radio waves.

Quasars are among the brightest objects in space and are therefore detectable even at ex-

treme distances from Earth. Figure 2.1 shows images of a quasar captured by the NASA

Hubble Space Telescope.

When emissions from a very distant quasar are detected on Earth, what is observed

represents the state of the quasar at the time of emission. Quasars therefore present us with

20
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Figure 2.1: Two images of nearby quasar 3C 273 captured by the NASA Hubble Space
Telescope. The image on the right was created using NASA’s Advanced Camera for Sur-
veys, which uses a coronagraph to block the light from the central quasar so that the sur-
rounding galaxy becomes visible.

a window into the past through which we may learn about how the state of the universe has

changed over time. Changes in the distribution of quasar luminosity at different redshift

distances from Earth would imply that there has been a change in the population of quasars

over time.

In astronomy, a luminosity function is a description of the number of objects per cubic

megaparsec per mag (a unit of luminosity) as a function of luminosity and redshift. As-

tronomers are interested in the estimation of luminosity functions for many different types

of space objects, and the estimation of luminosity functions is frequently complicated by

data truncation that occurs when objects are too faint or too far away to be detected.

This paper refers to two forms of optical magnitude: apparent optical magnitude(m)

and absolute optical magnitude(M). Apparent optical magnitude is the brightness of an

object (measured in mags) when it is viewed from earth. Absolute optical magnitudeM is

the amount of optical light that an object emits in space. Apparent magnitudem is affected
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by the distance of the object from earth, as closer objects will appear brighter when viewed

from Earth. Absolute magnitude is measured by first collecting the apparent magnitude of

an object, and then adjusting for the distance of that object from Earth in order to determine

its inherent luminosity.

The distance of a space object from Earth can be measured using redshift. Astronomers

measure redshift by performing a spectrum analysis of the light emitted by the object.

Common elements such as hydrogen produce a spike in the spectrum at a known fre-

quency. The spikes becomes doppler shifted because the observer and the space object

are moving relative to each other, and this shift is related to distance through the expansion

of the universe. Astronomers make note of this shift of the spikes in the recorded spectrum

and back-transform to produce the object’s estimated distance from Earth. If an object

is recorded as having redshiftz, then under a simple cosmological model, the size of the

universe at the time that the light was emitted was
(

1
1+z

)
of the size universe today. For

example, if a quasar has redshiftz = 1, then we are looking at emissions from that quasar

that occurred when the universe was half the size it is today.

2.1.2 Scientific Goals

The quasar luminosity function (QLF) is a description of the number of quasars per Mpc3

per mag as a function of absolute optical magnitudeM and redshiftz. The first goal of this

research was to provide a more accurate description of the QLF, using data available from

the Sloan Digital Sky Survey, Data Release III. As of the date of this research, Richards

et al. [24] presents the most complete estimation of this function. Their analysis assumes

a particular functional form and then estimates model parameters via maximum likelihood

analysis. This analysis takes the model a step further, allowing for the introduction of

higher-order terms as warranted by the data.

The second goal was to detect whether there is a significant interaction effect between

absolute optical magnitude and redshift. In the vast majority of papers analyzing these

data,M andz are treated as separable (or independent). Fan et al. [9] presents a theoretical

argument as to why this should be the case and is frequently cited by researchers as a basis

for this assumption. This thesis presents an analysis of the quasar data that suggests that
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there is in fact an interaction between absolute magnitude and redshift, and a description of

the nature of this interaction is provided.

2.1.3 Overview of Methods

The locations of observed quasars inM×z space can be thought of as a two-dimensional

point process. In this paper, quasar counts are modeled as a Poisson process [16] with

non-homogeneous rate surface measured in quasar counts per cubic megaparsec (Mpc3)

per mag.

In an earlier paper, Richards et al. [23] describe simulation methods used to estimate

observational probabilitiesψ on anm×z grid. Our analysis treats these values as known

and fixed. Absolute magnitude values for each quasar are K corrected [12], and redshift

values are converted into cubic megaparsecs by the computation of the infinitesimal volume

differentialγ measured in Mpc3 of a spherical shell about the Earth at a given redshiftz.

Initially, an exponential model with polynomial functions ofM andz in the exponent

is constructed, and parameters are estimated by the method of maximum likelihood un-

der a series of models with polynomials of varying degree. Model selection is performed

using the Bayesian Information Criterion [27], and the selected model is presented as a

description of the Poisson [19] intensity surface under the assumption that absolute optical

magnitude and redshift are separable. Next, an interaction between absolute optical mag-

nitudeM and redshiftz is incorporated into the model. Similar model selection techniques

reveal that this term is indeed warranted by the data, suggesting that the marginal distrib-

ution of absolute magnitude for quasars is dependent on redshift, and therefore dependent

on the evolutionary epoch from which the quasar was observed.

2.2 The Data

2.2.1 The Sloan Digital Sky Survey

The full data consists of47,877 quasars from the Sloan Digital Sky Survey catalog, Data

Release III. The Sloan Digital Sky Survey, or SDSS, is a large-scale astronomical survey
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of one quarter of the sky. Quasars in the SDSS catalog are marked asextendedandnon-

extended. Extended quasars are those that exist nearby or reside within a galaxy such that

portions of the host galaxy are visible around the quasar. Although other quantities such as

the spherical location and radio emission of each quasar are included in the SDSS quasar

catalog, only the redshift and optical magnitude were utilized in this study.

2.2.2 Additional Astronomical Considerations

In this paper, apparent magnitudem will refer to the apparent optical i-band (infrared)

magnitude [23], and absolute magnitudeM will refer to the K corrected absolute optical i-

band magnitude. The transformation from apparent magnitudem into K corrected absolute

magnitudeM is

M = m− DM(z)− K(z) (2.1)

where DM(z) is the distance modulus and K(z) is the K correction evaluated at redshiftz.

Hogg et al. [12] provide a detailed description of the K correction function, and a plot

of the function is presented in Figure 2.2. These corrections are estimated empirically and

therefore are likely to include some error, however estimates of these errors are not avail-

able. Any errors in the specification of the K correction function could have a significant

impact on the results of our analysis, and therefore all results that follow should be taken

in light of this information.

The distance modulus transformation is a non-linear function of redshiftz. A detailed

description of the science involved can be found in Carroll [3], and a plot of the function is

provided in Figure 2.3.

In order to compute quasar density in units of physical volume, the redshift values

can be transformed into a spherical volume differential about the Earth by assuming a

simple cosmological model. This function is denoted byγ(z), and a plot of this function is

provided in Figure 2.4.
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Figure 2.2: The K correction as a function of redshiftz as described in Hogg et al. [12].
Note that this correction function is based largely on empirical evidence, and systematic
errors in this function could introduce substantial bias and error into our resulting fitted
models.
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Figure 2.3: The distance modulus DM as a function of redshiftz as described in Carroll [3].
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Figure 2.4: The volume differentialγ as a function of redshiftz assuming a simple cosmo-
logical model.
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2.2.3 Observational Probabilities

A major complicating factor in the estimation of the quasar luminosity function is that ob-

served quasars were not selected uniformly at random from the population of all detectable

quasars in the universe. Rather, the selection probabilities for each quasar are dependent

on that quasar’s apparent brightness and its redshift distance from Earth.

Richards et al. [23] describe simulation methods used to obtain estimates of the obser-

vational probabilitiesψ on them×z grid. Each value in the table represents the probability

that a quasar with the given redshift and apparent optical magnitude would be included in

the data. These probabilities are adjusted for the fact SDSS only surveys one quarter of the

sky, so that an observational probability ofψ=1 means that we would expect to observe all

quasars with the given redshift and optical magnitude that are located within the quarter of

the sky surveyed.

Observational probabilities are affected by whether a particular quasar is extended or

non-extended, and therefore Richards et al. [23] have created two separate tables of the

estimated probabilities. Our analysis is performed using only the non-extended quasars in

the catalog, and observational probabilities are assumed to be flat across each grid square,

with grid squares centered at the indices provided in the table. Our analysis treats the ob-

servational probabilities as known quantities because error estimates for the observational

probabilities are not available.

Heat maps of the estimated observational probabilities on the apparent magnitude scale

and the absolute magnitude scale are given in Figure 2.5, and Figure 2.6 respectively. Note

the vertical dark band of low observational probability near redshiftz=2.75. Many quasars

at this redshift have an apparent optical magnitude that makes them difficult to distinguish

from stars in the initial filtering process, and therefore these quasars have a low probabil-

ity of inclusion in the catalog. Also note the black rectangular area in the upper left of

Figure 2.5. This block is due to the fact that most quasars with redshiftz<3.0 were de-

tected using a filter with an apparent magnitude threshold ofm≤19.1, while most quasars

with redshiftz≥3.0 were detected using a filter with an apparent magnitude threshold of

m≤20.2.
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The preliminary analysis in Section 2.3.2 reveals that there may be some problems with

the estimates of the observational probabilities near redshiftz=2.75.

2.2.4 Final Data for Analysis

The final data set examined in this analysis consists of14,113 quasars from the Sloan

Digital Sky Survey, Data Release III. All extended quasars were removed from the data, as

were any quasars with apparent optical magnitudesm<14.95 orm>20.25. In addition, any

quasars that fell withinm×z regions with an estimated observational probability of zero

were removed from the data. It should be noted that the existence of such quasars proves

that there are errors in these estimated probabilities.

Figure 2.7 gives a scatterplot of the quasar data that was used in this analysis with

redshift plotted against apparent magnitude, while Figure 2.8 shows redshift plotted against

absolute magnitude.

2.3 Methods

2.3.1 A Poisson Process Model for the Quasar Luminosity Function

Let the spatial density of quasars be modeled as a Poisson process in the space of absolute

magnitudeM and redshiftz with a non-homogeneous rate surfaceλ(M, z) measured in

quasar counts per Mpc3 per mag.

Let Φ(M, z; θ) be a generic functional form to describe the idealized quasar luminosity

function with model parameterθ. Let ψM (M, z) be the observational probability for a

quasar with luminosityM at redshiftz, where the subscriptM is used to indicate that this

is the transformed function that takes absolute magnitude as its first argument rather than

apparent magnitude. If we assume thatψ is known, the resulting model for the observed

quasar counts is a Poisson process with rate function

λθ(M, z) = Φθ(M, z) ψM (M, z) . (2.2)
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Figure 2.5: Heat map of the estimates of the observational probabilities on the apparent
magnitude scale. White represents a high probability that a quasar with the given redshift
and apparent magnitude will be included in the SDSS catalog, while black represents a low
probability. These estimates were obtained via simulation by Richards et al. [23].
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Figure 2.6: Heat map of the estimates of the observational probabilities on the absolute
magnitude scale. For the purposes of visualization, this plot presents the observational
probabilities on a grid, whereψ has been evaluated at the center point of each grid square.
White represents a high probability that a quasar with the given redshift and absolute mag-
nitude will be included in the SDSS catalog, while black represents a low probability. Note
that transforming to the absolute magnitude scale changes the shape of the region with non-
zero observational probability. The large black regions in the upper right and bottom left
of this heat map represent those regions beyond the vertical limits in Figure 2.5.
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Figure 2.7: Scatterplot of SDSS quasars on the apparent magnitude scale. The change in
the horizontal boundary at the top is due to the use of two different filters in the selection
procedure during data collection. The thinner area visible near redshiftz=2.75 is due to
the low observational probability in that region.
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Figure 2.8: Scatterplot of SDSS quasars on the absolute magnitude scale. The change in
the horizontal boundary at the top is due to the use of two different filters in the selection
procedure during data collection. The thinner area visible near redshiftz=2.75 is due to
the low observational probability in that region.
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The observational probability estimatesψ obtained by Richards et al. [24] are defined

on a grid in the space of apparent luminositym and redshift. The transformation from the

space of absolute magnitude into the space of apparent luminosity is

(M, z) = ( m− DM(z)− K(z) , z ) (2.3)

where DM(z) and K(z) are the distance modulus [3] and K correction [12] at redshiftz.

Section A.1 describes the mathematical details of the transformed Poisson process.

Let |λθ| denote the integral of the Poisson process rate surfaceλθ(M, z) over the sup-

port regionR. Let X denote the observed quasar data with sample sizeN . Then the

likelihood for a specific parameterization of the idealized functional formΦ is

L(θ|X) =
e−|λθ||λθ|N

N !
·

N∏
i=1

λθ(Mi, zi)

|λθ|
(2.4)

=
e−|λθ|

N !
·

N∏
i=1

λθ(Mi, zi) . (2.5)

and the log-likelihood is

l(θ|X) = lnL(θ|X) = −|λθ| +
N∑

i=1
ln (λθ(Mi, zi)) − ln(N !) . (2.6)

Let γ(z) dz be the infinitesimal volume differential (measured in cubic megaparsecs)

of a spherical shell about the Earth at a given redshiftz. Then

|λθ| =

∫
z

∫
M

λθ(M, z) γ(z) dM dz (2.7)

=

∫
z

∫
M

Φθ(M, z) ψM (M, z) γ(z) dM dz (2.8)
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and

λθ(Mi, zi) = Φθ(Mi, zi) ψM (Mi, zi), (2.9)

which gives

l(θ|X) = −
∫
z

∫
M

Φθ(M, z) ψM (M, z) γ(z) dM dz +

+
N∑

i=1
ln (Φθ(Mi, zi) ψM (Mi, zi)) − ln(N !) (2.10)

After removing all terms that do not depend on the model parameterθ, the maximum

likelihood estimates forθ under a fixed pair of model complexity levels(A,B) is obtained

by maximizing the functionh(θ|X) with respect toθ, where

h(θ|X) = −
∫
z

∫
M

Φθ(M, z) ψM (M, z) γ(z) dM dz +
N∑

i=1
ln [Φθ(Mi, zi)] (2.11)

2.3.2 Estimation of Poisson Intensities on a Grid

To better understand the data, we assume that quasars follow a Poisson process with a flat

intensity surface over each grid square, and that the Poisson rate parameter in each grid

square is independent of all other grid squares.

For a given grid squareS, letµ be the constant Poisson rate parameter such that

Φ(M, z) = µ (2.12)
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within that square. From Equation (2.11),

h(µ|X) = −
∫

z∈S

∫
M∈S

µ · ψM (M, z) · γ(z) dM dz +
n∑

i=1
lnµ (2.13)

= −µ
∫

z∈S

∫
M∈S

ψM (M, z) · γ(z) dM dz + n · lnµ (2.14)

wheren is the number of quasars observed in that grid square. In order to determine the

maximum likelihood estimatêµ for quasar rate within a given grid square, we differentiate

to get

∂h

∂µ
= −

∫
z∈S

∫
M∈S

ψM (M, z) · γ(z) dM dz +
n

µ
. (2.15)

Setting the partial derivative equal to zero and solving forµ gives

µ̂ =
n∫

z∈S

∫
M∈S ψM (M, z) · γ(z) dM dz

(2.16)

The integral in Equation (2.16) was approximated using the adaptive numerical integra-

tion function from theadapt package in R, and a level map of the resulting MLE estimates

of λ̂ for each grid square is shown in Figure 2.9. The resolution of the grid was set to 0.05

on the redshift scale and 0.1 on the absolute magnitude scale. Note that there is an anomaly

near the break between the two filters near redshiftz=2.75, and also an anomaly above

the thrust of the data near redshiftz=1.0. These fluctuations are likely due to a misspeci-

fication of the observational probabilities in those region, as opposed to an actual physical

change in the quasar rate. For this reason, it is important that any analysis conducted on

the data be examined carefully to ensure that the results are not highly influenced by these

portions of the data.
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Figure 2.9: Preliminary analysis: Maximum likelihood estimates of quasar rateµ̂ on a
grid, where we assume that quasars follow a Poisson process with a flat intensity surface
over each grid square, and that the rate in each grid square is independent of all other grid
squares. This analysis reveals that there may be problems with the estimated observational
probabilities in the region near redshiftz=2.75, as well as in the small blip that appears
above the thrust of the data near redshiftz=1.0. The portions of the graph that correspond
to physical regions with zero observational probability have been filled with white. A
black grid square represents a region with non-zero observational probability that has an
estimated quasar rate of zero because there were no quasars observed in that region.
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2.3.3 A Flexible Parameterization for the Quasar Luminosity

Restricted Model with No Interaction Term

A flexible parameterization of the idealized functional form for the quasar luminosity func-

tion with model parameterθ = (µ, α, β ) is

Φθ(M, z) = 10µ + f1(M ;α ) + f2( z ;β ) (2.17)

where

f1(M ; α ) =
A∑

i=1
αi · (M −M0)

i , (2.18)

f2( z ; β ) =
B∑

j=1
βj · ζ(z)j , (2.19)

and

ζ(z) = log10

(
1 + z

1 + z0

)
. (2.20)

Note that in this functional form the terms for luminosity and redshift are separable.

The expressionζ(z) has a scientific interpretation related to evolution, which is described

in Wolf et al. [33]. Following Richards et al. [24], we useM0 = −26 mags and redshift

z0 = 2.45. The flexibility ofA andB in the limits of the summations inf1 andf2 allow

for the introduction of higher-order terms in absolute magnitude and redshift if warranted

by the data.

Our model selection algorithm begins by fitting all possible combinations of models

with A ∈ {1, 2, 3, 4} andB ∈ {1, 2, ..., 8}. The Bayesian Information Criterion [27]

BIC(θ̂) = −2 l(θ̂|X) + k lnN (2.21)
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is then used to determine which of the fitted models is preferred. Here,k = 1+A+B is the

dimensionality of the model parameterθ.

An Extended Model with an Interaction Term

In order to test whether there might be an interaction between redshift and absolute magni-

tude, an interaction termf3(M, z) can be added into the exponent of the original model:

Φθ(M, z) = 10µ + f1( M ;α ) + f2( z ;β ) + f3( M,z ; δ ) (2.22)

where

f1(M ; α ) =
A∑

i=1
αi · (M −M0)

i , (2.23)

f2( z ; β ) =
B∑

j=1
βj · ζ(z)j , (2.24)

f3(M, z ; δ ) =
D∑

k=1

δk · ((M −M0) − ζ(z))k+1 , (2.25)

and

ζ(z) = log10

(
1 + z

1 + z0

)
. (2.26)

Note that the caseD=1 has a quadratic term inf3(·), whileD=2 includes a quadratic and

cubic term, and so on. We will defineD=0 to represent the original restricted model that

does not include an interaction term.

Under this extended model, we begin by fitting all possible combinations of models

with A ∈ {1, 2, 3, 4}, B ∈ {1, 2, ..., 8}, andD ∈ {0, 1, 2, 3}. Once again, the Bayesian

Information Criterion is used to determine which of the fitted models is preferred, and in

this case the dimensionality of the model parameterθ is k = 1+A+B+D.
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2.3.4 Maximizing the Likelihood

Maximizing the functionh(θ|X) in Equation (2.11) directly requires the repeated com-

putation of a double integral over the entireM×z support. To make this feasible, a few

computational tricks were employed in order to collapseh(θ|X) down to a simple calcula-

tion based on quantities that are computed only once.

The goal is to maximize the functionh(θ|X) with respect toθ, where

h(θ|X) = −
∫

z

∫
M

Φθ(M, z) ψM (M, z) γ(z) dM dz +

+
N∑

i=1
ln [Φθ(Mi, zi)] (2.27)

= Model Part + Data Part (2.28)

The Model Part of the Likelihood

The observational probabilitiesψ are considered to be zero outside the range

m ∈ [15.0, 20.1] andz ∈ [0.4, 5.4], and the Jacobian of the transformation between

apparent and absolute magnitude is one (see Section A.1). Therefore, the Model Part in

(2.28) can be rewritten in terms of apparent magnitude, so that

Model Part = −
∫

z

∫
M

Φθ(M, z) ψM (M, z) γ(z) dM dz (2.29)

= −
∫

z

∫
m

Φ∗θ(m, z) ψ(m, z) γ(z) dm dz (2.30)

= −
R∑

r=1

(
ψr ·

∫∫
(m,z)∈r

Φ∗θ(m, z) γ(z) dm dz

)
(2.31)

wherer=1, . . . ,R represent the grid squares as defined by the table of observational prob-

abilities, andΦ∗θ(m, z) is the idealized functional formΦ on the apparent magnitude scale.



41

The integral can then be approximated by a3×3-point gaussian-quadrature summation

within each grid square, such that

Model Part ≈ −
R∑

r=1

(
ψr ·

∫
m∈r

∫
z∈r

Φ∗θ(m, z) γ(z) dm dz

)
(2.32)

≈ −
R∑

r=1

ψr ·
3∑

i=1

3∑
j=1

[
wi · wj ·

·
(
Wm

2

)
·
(
Wz

2

)
Φ∗θ(mi, zj) · γ(zj)

] )
(2.33)

where the three-point gaussian quadrature nodes and weightswi are as described by

Abramowitz and Stegun [1]. The widths of the grid squares wereWm=0.1 mags and

Wz=0.05 redshifts.

If we let P be the set of all gaussian quadrature evaluation points over the entirem×z
support, and letwp = wi · wj for a given evaluation pointp, then we can write

Model Part ≈ −
∑
p∈P

[
ψp · wp · γ(zp) ·

(
Wm

2

)
·
(
Wz

2

)
· Φ∗θ(mp, zp)

]
(2.34)

Next, let

vp = − ψp · wp · γ(zp) ·
(
Wm

2

)
·
(
Wz

2

)
(2.35)

for each pointp in the set of evaluation pointsP . Then under the general case of the

idealized functional form that includes an interaction term, we can write

Model Part ≈
∑
p∈P

vp 10µ + f1( Mp ;α ) + f2( zp ;β ) + f3(Mp,zp ; δ ) (2.36)



42

Thus, the Model Part can be expressed as

Model Part≈
∑
p∈P

vp · 10~up·~θ (2.37)

where the model vector~up in the exponent is expressed as

~up =



1

(Mp −M0)

(Mp −M0)
2

...

(Mp −M0)
A

ζ(zp)

(ζ(zp))
2

...

(ζ(zp))
B(

(Mp −M0) − ζ(zp)
)2(

(Mp −M0) − ζ(zp)
)3

...(
(Mp −M0) − ζ(zp)

)D+1



(2.38)

and~θ is given by

~θ = ( µ , α1, ..., αA , β1, ..., βB , δ1, ..., δD ) (2.39)

A desirable feature of writing the Model Part of the likelihood in this format is that

the model parameter~θ has been isolated. Note that the valuesv1, ..., vP and each of the

components of the~up vector are independent of~θ. Therefore, these values need only be

computed once.
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The Data Part of the Likelihood

For the Data Part in (2.28) we have

Data Part =
N∑

i=1
ln [ Φθ(Mi, zi) ] (2.40)

=
N∑

i=1
ln
[

10µ + f1( Mi ;α ) + f2( zi ;β ) + f3( Mi,zi ; δ )
]

(2.41)

= ln(10) ·

 Nµ +
N∑

i=1
f1(Mi ; α ) +

+
N∑

i=1
f2( zi ; β ) +

N∑
i=1

f3(Mi, zi ; δ )


(2.42)

Substituting in the equations forf1, f2, andf3 gives

Data Part = ln(10) ·Nµ

+ ln(10) ·
N∑

i=1

A∑
j=1

αj (Mi −M0)
j

+ ln(10) ·
N∑

i=1

B∑
j=1

βj ζ(zi)
j

+ ln(10) ·
N∑

i=1

D∑
j=1

δj ((Mi −M0)− ζ(zi))
j+1 (2.43)
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Next we can isolate the model parameters by writing

Data Part = µ · ( N ln(10) )

+
A∑

j=1
αj ·

 ln(10) ·
N∑

i=1
(Mi −M0)

j


+

B∑
j=1

βj ·

 ln(10) ·
N∑

i=1
ζ(zi)

j


+

D∑
j=1

δj ·

 ln(10) ·
N∑

i=1
((Mi −M0)− ζ(zi))

j+1

 (2.44)

Thus, the Data Part can be expressed as

Data Part= ~x · ~θ (2.45)
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where the data vector~x is

~x =



N ln(10)
N∑

i=1
(Mi −M0)

N∑
i=1

(Mi −M0)
2

...
N∑

i=1
(Mi −M0)

A

N∑
i=1

ζ(zi)

N∑
i=1

(ζ(zi))
2

...
N∑

i=1
(ζ(zi))

B

N∑
i=1

((Mi −M0) − ζ(zi))
2

N∑
i=1

((Mi −M0) − ζ(zi))
3

...
N∑

i=1
((Mi −M0) − ζ(zi))

D+1



(2.46)

and the parameter vector~θ is as described in Equation 2.39. The vector~x does not depend

on the parameter vector~θ, and therefore we need only compute~x once for each data set.
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Evaluating the Likelihood

By the two computational reductions described above, each evaluation of the log-likelihood

during the maximization process can be computed by evaluating

h(θ|X) = −
∫

z

∫
M

Φθ(M, z) ψM (M, z) γ(z) dM dz +
N∑

i=1
ln [Φθ(Mi, zi)]

= Model Part + Data Part

≈
∑
p∈P

vp · 10~up·~θ + ~x · ~θ (2.47)

wherevp and~up are pre-computed once for each evaluation pointP , and~x is pre-computed

once for each data set. Once the pre-computation step is complete, this reduction makes it

possible to obtain the maximum likelihood fitted density for a given data set in less than

one minute of computational time using the R statistical package on a Linux machine with

a Pentium 4 processor and one gigabyte of RAM.

2.3.5 Fitted Models for the Quasar Luminosity Function

Fitted Results under the No-Interaction Model

Table 2.1 shows the complexity levels and log-likelihoods for the top 15 models sorted by

the BIC selection criteria in the model without an interaction term. All 15 models have

high-degree polynomials in the redshift term, and the first seven prefer at least a quadratic

polynomial in the absolute magnitude termf1.

Figure 2.10 presents a heat map of the exponent of the fitted idealized functional form

Φθ(M, z) under the selected model. The selected model has(A,B)=(2, 6) with

µ = −2.16361

α = (0.72135,−0.01992)

β = (−0.59212,−26.84461, 1.71612, 186.3441, 199.45025, 171.66021)
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A B `(X) BIC
2 6 -225454.0 450994.0
4 8 -225437.2 450998.6
4 4 -225456.8 450999.6
2 7 -225452.9 451001.3
3 5 -225461.1 451008.2
2 8 -225452.3 451009.7
3 6 -225464.8 451025.1
1 7 -225470.1 451026.2
3 7 -225464.9 451034.9
2 4 -225484.5 451035.9
1 5 -225485.9 451038.7
3 4 -225482.1 451040.6
1 8 -225472.7 451040.9
1 6 -225482.8 451042.0
2 5 -225488.7 451053.8

Table 2.1: BIC table for complete data under the no-interaction model. The selected model
is printed in bold text, and the next best 15 models are sorted by their BIC value.

In order to assess the model fit, deviance residuals [6] were calculated by comparing

the observed and expected quasar counts for each grid square on anM×z grid. The Pois-

son rate parameter̂µ in a given grid square was determined by evaluating the integral in

Equation (2.8) over that region. Lety be the observed quasar count in that square. We first

compute the deviance under the fitted model

D = −2 ln[ p(y|µ̂) ] = −2 [ −µ̂ + y ln µ̂ − ln(y!) ] (2.48)

and the deviance under the saturated model with Poisson rate parameter equal to the ob-

served count

Dsat = −2 [ −y + y ln y − ln(y!) ] . (2.49)

Note that the deviance under the saturated model is undefined when the observed count is
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Figure 2.10: Heat map of fitted density under the no-interaction model. The density shown
is the exponent of the fitted idealized functional formΦ, and the fitted model was con-
structed under the complete set of quasar data. The region ofM×z space with non-zero
observational probability has been marked with a bold outline. The fitted density outside
this band is an extrapolation beyond the region where quasar data are available.
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A B D ` ∆` BIC ∆ BIC
3 5 2 -225269.5 184.5 450644.1 -349.5
3 6 1 -225265.8 188.2 450636.7 -356.9
2 5 2 -225270.6 183.3 450636.8 -356.8
2 4 2 -225277.1 176.9 450640.2 -353.4
3 7 1 -225263.5 190.5 450641.7 -351.9
4 6 1 -225264.0 189.9 450642.7 -350.8
3 5 2 -225269.5 184.5 450644.1 -349.5
3 6 2 -225264.9 189.1 450644.4 -349.2
3 8 1 -225261.2 192.8 450646.6 -347.0
4 4 1 -225276.6 177.4 450648.7 -344.8
3 4 2 -225277.1 176.9 450649.6 -343.9
2 8 2 -225263.1 190.8 450650.5 -343.1
2 3 2 -225287.3 166.7 450651.0 -342.5
3 7 2 -225263.8 190.1 450651.9 -341.7
3 3 1 -225287.9 166.0 450652.3 -341.3

Table 2.2: BIC table for complete data under the model which allows for an interaction
between absolute magnitudeM and redshiftz. The selected model is printed in bold text,
and the next best 15 models are sorted by their BIC value. The differences∆` and∆BIC
represent the differences when compared to the top model in the case where no interaction
term is allowed.

zero. The deviance residual is

rd = sign(y − µ̂)
√

D−Dsat . (2.50)

A heat map of the deviance residuals for this model are plotted in Figure 2.11.

Fitted Results under the Extended Model

Table 2.2 shows the complexity levels and log-likelihoods for the top 15 models sorted

by the BIC selection criteria in the extended case that allows for an interaction between

absolute magnitude and redshift if warranted by the data. Note that all 15 models include

the interaction term (that is, the degreeD+1 of the polynomial in the interaction term is

quadratic or better). In fact, the first 37 models sorted by BIC include this interaction term.

Figure 2.12 presents a heat map of the exponent of the fitted idealized functional form
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Figure 2.11: Deviance residualsrd for fitted density under the no-interaction model. Red
represents an area with more quasars observed than would be expected under the fitted
model, and blue represents an area with fewer observed quasars than would be expected
under the fitted model. The resolution of the grid was 0.1 on the absolute magnitude scale
and 0.05 on the redshift scale, and the region ofM×z space with non-zero observational
probability has been marked with a bold outline.
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Φθ(M, z) under the selected model. This model has(A,B,D)=(3, 5, 1) with

µ = −2.5436

α = (0.25323,−1.16399, 0.00796)

β = (−3.47642,−29.81521,−3.48286, 91.29804, 137.44952)

δ = (1.03913)

Note that the log-likelihood of the data under this extended model is`(X) = −225269.48,

which gives∆`=184.49 when compared to the selected model in the case where no inter-

action term is allowed.

Figure 2.13 shows the fitted density on thelog10 scale for the second best model by

BIC. Note the similarity to the fitted density under the top selected model. This consistency

provides some evidence that the resulting model is a good fit to the available data.

Deviance residualsrd for the selected model were calculated in the same manner de-

scribed in Section 2.3.5, and a plot of the residuals is shown in Figure 2.14. Note that the

blue area which appeared at the top edge of the data near redshiftz=3 in Figure 2.11 is

no longer present here, which suggests that this extended model provides a better fit to the

data in that region.

2.3.6 Fitted Models for Partitioned Quasar Data

The analysis in Section 2.3.2 suggests that there may be some problems with the estimates

of the observational probabilities near redshiftz=2.75. Therefore it is important to ensure

that the interaction effect that was detected during the model fitting process is not simply

the result of a misspecification of the observational probabilities.

One concern is that two separate filters were utilized in the detection of the quasars,

and so there may in fact be some discrepancies between quasars detected in the low- and

high-redshift regions. Another issue is that there is significantly less data available in the

high redshift regions, so it may be desirable to test the analysis in those regions where we

have more information to make sure that the interaction is indeed real.
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Figure 2.12: Heat map of fitted density under the model that allows for an interaction
between absolute magnitudeM and redshiftz. The density shown is the exponent of the
fitted idealized functional formΦ, and the fitted model was constructed under the complete
set of quasar data. The region ofM×z space with non-zero observational probability has
been marked with a bold outline. The fitted density outside this band is an extrapolation
beyond the region where quasar data are available. The gray region at the lower left corner
indicates fitted values that were below−20 quasars per mag per megaparsec on thelog10
scale, and were therefore outside the range of color used in the graph.
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Figure 2.13: Heat map of second-best fitted density under the model that allows for an
interaction between absolute magnitudeM and redshiftz. This was the second model
selected by BIC, and it is presented here to demonstrate the similarity to the density in the
top-selected model. This provides evidence that the fitted model is consistent with the data.
Once again, the density shown is the exponent of the fitted idealized functional formΦ, and
the fitted model was constructed under the complete set of quasar data. The region ofM×z
space with non-zero observational probability has been marked with a bold outline. The
fitted density outside this band is an extrapolation beyond the region where quasar data are
available. The gray region at the lower left corner indicates fitted values that were below
−20 quasars per mag per megaparsec on thelog10 scale, and were therefore outside the
range of color used in the graph.



54

Figure 2.14: Deviance residualsrd for fitted density under the model that allows for an
interaction between absolute magnitudeM and redshiftz. Note that the blue area that
appeared at the top edge of the data near redshiftz=3 in Figure 2.11 is no longer present,
which suggests that this model provides a better fit to the data in that region. In this figure,
red represents an area with more quasars observed than would be expected under the fitted
model, and blue represents an area with fewer observed quasars than would be expected
under the fitted model. The resolution of the grid was 0.1 on the absolute magnitude scale
and 0.05 on the redshift scale, and the region ofM×z space with non-zero observational
probability has been marked with a bold outline.
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In order to test whether the inclusion of the interaction term was simply an artifact

of errors in the specification of observational probabilities, the preceding analysis was re-

peated after partitioning the quasar data into two groups by redshift. The low-redshift

group consists ofN1=11,572 quasars with redshiftz<2.5 and the high-redshift group con-

sists ofN2=1,500 quasars with redshiftz>3.0. The subset of1,041 quasars with redshift

z∈[2.5, 3.0] were omitted from this secondary analysis.

Figure 2.15 presents a side-by-side heat map of the exponent of the fitted idealized

functional formΦθ(M, z) for the two groups of data under the extended case that allows

for an interaction term between absolute magnitude and redshift.

There are two key observations to be made here. First, the fitted model for the low-

redshift quasars appears very similar to the selected model under the complete data set

shown in Figure 2.12. The low-redshift region contains the vast majority of observed

quasars, so it is encouraging to see that the detection of an interaction was not simply

the result of an anomaly in the less frequent high-redshift quasar data. Second, note that

the shape of the two densities shown side-by-side in Figure 2.15 appear well-matched for

the region ofM×z space with non-zero observational probability. Both of these observa-

tions provide evidence that the interaction detected in the data is real, and not simply an

artifact of any misspecification in the observational probabilities.

The fitted model for the low-redshift group has(A,B,D)=(2, 4, 2) with

µ = −2.49387

α = (0.38457,−0.84892)

β = (−6.73875,−79.94602,−230.27451,−268.53626)

δ = (0.74396, 0.00738)
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Figure 2.15: Side-by-side heat map of fitted densities for partitioned quasar data under
the model that allows for an interaction between absolute magnitudeM and redshiftz.
The model fit on the left side was obtained using only those quasars with redshiftz<2.5,
while the model fit on the right side was obtained using only those quasars with redshift
z>3.0. Note that there is a large degree of agreement between the two densities. The
densities shown are the exponential functions for the fitted idealized functional formΦ.
The region ofM×z space with non-zero observational probability has been marked with
a bold outline. The fitted density outside this band is an extrapolation beyond the region
where quasar data are available. The band of quasar data with redshiftz∈[2.5, 3.0] has been
omitted from this analysis, and this region is indicated by vertical bars. The gray regions at
the corners indicate fitted values that were below−20 quasars per mag per megaparsec on
the log10 scale, and were therefore outside the range of color used in the graph.
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A B D log-likelihood BIC
2 4 2 -186581.3 373247.9
3 5 1 -186580.0 373254.8
2 5 2 -186580.2 373255.1
3 6 1 -186579.4 373263.1
2 6 2 -186579.5 373263.2
4 4 2 -186580.7 373265.7
3 4 2 -186587.4 373269.7
2 6 3 -186578.7 373271.2
3 7 1 -186579.1 373272.0
4 5 2 -186579.2 373272.2
3 6 2 -186579.5 373272.7
4 7 1 -186578.2 373279.6
4 6 2 -186578.5 373280.2
2 6 1 -186592.6 373279.9
2 8 2 -186579.0 373281.3

Table 2.3: BIC table for low-redshift group in the partitioned analysis. This table presents
the top 15 models selected by BIC under the model which allows for an interaction between
absolute magnitudeM and redshiftz. Each model was fit using only the low-redshift quasar
data withz≤2.5.

while the fitted model for the high-redshift group has(A,B,D)=(3, 2, 2) with

µ = −2.32728

α = (0.50114,−5.54883,−0.68895)

β = (−10.31918,−31.42667)

δ = (5.38225, 0.66555)

Table 2.3 and Table 2.4 show the complexity levels and log-likelihoods for the top 15

models for each group of quasars sorted by BIC selection criteria.
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A B D log-likelihood BIC
3 2 2 -33085.2 66229.0
2 2 1 -33095.4 66234.7
2 2 2 -33095.4 66241.9
2 3 1 -33095.4 66242.0
3 2 1 -33095.4 66242.0
3 4 2 -33085.1 66243.3
2 2 0 -33104.9 66246.4
2 3 2 -33095.4 66249.2
2 4 1 -33095.4 66249.2
3 5 2 -33084.9 66250.3
2 3 0 -33104.7 66253.2
3 2 0 -33104.9 66253.6
1 2 1 -33109.0 66254.6
2 5 1 -33095.4 66256.5
2 4 2 -33095.4 66256.6

Table 2.4: BIC table for high-redshift group in the partitioned analysis. This table presents
the top 15 models selected by BIC under the model which allows for an interaction between
absolute magnitudeM and redshiftz. Each model was fit using only the high-redshift
quasar data withz≥3.0.
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2.4 Simulation Studies

2.4.1 Technique for Simulating Quasar Data

On the apparent magnitude scale, quasars can be generated under a rectangular grid of

observational probabilitiesψ, whereψ is a constant over each grid squareR. That is, for

eachm×z grid squareR,

1. Simulate the quasar count for the regionR under model parameterθ by generating a

Poisson random variableNR with rate|λθ|R where

|λθ|R =

∫∫
R
γ(z) Φθ(M, z) ψ(m, z) dm dz (2.51)

= ψR

∫∫
R
γ(z) Φθ(M, z) dm dz (2.52)

sinceψ(m, z) is constant over eachm×z grid squareR.

2. GenerateNR pairs(mi, zi) from withinR by rejection sampling.

To construct the simulated data sets, the integral in step one was computed using two

dimensional 3-point gaussian quadrature approximation within each grid square, and the

maximum value for the rejection sampling in step two was numerically approximated using

a Newton-type non-linear maximization algorithm from thestatspackage in R.

2.4.2 Performance of Model Fitting Methodology on Quasar Data

Simulated under Randomly Generated Models

For this study, we began by generating random models under the no-interaction model of

the idealized functional form. We then simulated quasar data under each of the randomly

generated models, and then tested the performance of our model selection methodology on

simulated data.
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The rule used to generate the random models was as follows: First, selectA andB

uniformly at random from the support set of integer values; Next, generate each element of

the parameter vectorsα andβ by sampling uniformly on the set[−10.0, 10.0]; last, select

the parameterµ to be a constant such that the expected number of simulated quasars is

15,000 so as to approximate the size of the quasar data.

The performance of the model fitting methodology was examined on 25 simulated

quasar data sets, and scatterplots for two typical simulated quasar data sets are presented

in Figure 2.16 and Figure 2.17. Two summary tables for this study are shown in Table 2.5

and Table 2.6. Note that the model fitting methodology seems to do a reasonably good job

of discerning the underlying true models and does not show a tendency to prefer overly

simplistic or complex models.

2.4.3 Performance of Model Fitting Methodology on Quasar Data

Simulated under SDSS Fitted Model

In this simulation study, ten data sets were simulated under the selected model from Sec-

tion 2.3.5 which was under the case which does not allow for an interaction between ab-

solute magnitude and redshift. Scatterplots of two of the resulting data sets are shown in

Figure 2.18 and Figure 2.19. These scatterplots can be visually compared to the plot of the

real data in Figure 2.8. Fitted model complexity terms for all ten simulated data sets are

shown in Table 2.7.

This simulation study seems to suggest that the BIC penalty term may be too lenient,

as this model selection method seems to prefer overly complex models.

2.5 Summary

We have presented a flexible parametric model for quasars as a two-dimensional inho-

mogeneous poisson process that allows for the introduction of higher-order terms and an

interaction term between absolute magnitude and redshift if warranted by the data.

Our findings indicate that there is some evidence of an interaction between redshift and

absolute magnitude present in the data. This is in contrast to the popular scientific theory
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Figure 2.16: Scatterplot of simulated quasar dataset #1 under a randomly generated model.
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Figure 2.17: Scatterplot of simulated quasar dataset #2 under a randomly generated model.



63

Simulation # trueA fitted Â trueB fitted B̂
1 6 4 4 5
2 2 2 3 3
3 8 2 5 5
4 2 2 1 6
5 3 2 7 1
6 3 2 4 6
7 7 6 3 4
8 8 2 3 6
9 1 1 8 7
10 1 1 4 6
11 4 4 1 4
12 8 4 5 7
13 1 2 8 3
14 2 2 5 6
15 4 4 5 2
16 6 4 6 7
17 1 2 6 1
18 7 6 6 5
19 6 4 4 4
20 3 2 8 5
21 1 1 5 7
22 5 2 7 7
23 6 4 3 3
24 4 4 1 4
25 1 1 1 8

Table 2.5: Simulation Study: Fitted model complexities for simulated quasar data un-
der randomly generated models. This table presents the true model complexity for each
randomly generated model, along with the fitted values for the model complexities. A
summary of these results is shown in Table 2.6.
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Complexity Parameter true < fitted true = fitted true > fitted total
A 2 10 13 25
B 13 5 7 25

Table 2.6: Simulation Study: Comparison of true model complexities to fitted model com-
plexities for simulated quasar data under randomly generated models. This table is a sum-
mary of the results in Table 2.5. The counts represent the number of simulations out of 25
total which had the given relationship between the true model complexity parameter and
the fitted model complexity parameter. This simulation study does not appear to indicate a
tendency for BIC to over-specify or under-specify the fitted models.

Simulation # A B
1 4 7
2 2 8
3 2 7
4 3 7
5 3 7
6 3 8
7 2 7
8 2 8
9 3 7
10 3 7
true 2 6

Table 2.7: Simulation Study: Fitted model complexities for simulated quasar data under
the fitted model for the SDSS quasar data in the case that does not allow for an interaction
term, as described in Section 2.3.5. This table presents the model complexities selected by
BIC under each of the simulated quasar data sets. The true model complexity parameters
used to simulate the quasar data are listed at the bottom.
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Figure 2.18: Scatterplot of simulated quasar dataset #1 under the fitted model for the SDSS
quasar data in the case that does not allow for an interaction term, as described in Sec-
tion 2.3.5.
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Figure 2.19: Scatterplot of simulated quasar dataset #2 under the fitted model for the SDSS
quasar data in the case that does not allow for an interaction term, as described in Sec-
tion 2.3.5.
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proposed by Fan et al. [9] which suggests that absolute magnitude and redshift should be

treated as separable components in the quasar luminosity function. However, it is important

to keep in mind that unknown errors in the K correction function or the estimates of the

observational probabilities could have a significant impact on the results of our analysis.

We are unable to test for the robustness of our methods against these types of errors, and

therefore we must be cautious about making any strong claims as to the true nature of the

quasar luminosity function.

The presence of an interaction effect would suggest that new scientific theories are

needed in order to explain the way in which the distribution of quasars in our universe has

changed over time. We hope that our findings will encourage astronomers to pursue this

research further, and perhaps inspire new theories about quasars and the evolution of our

universe.

The statistical contribution of this work is the development of a flexible parametric

framework for model selection that can be used to model point process data. Our method is

generalizable in that it allows for the inclusion of an observational probability surface which

can be applied whenever there are known selection biases in the data, and we have provided

computational tools that make maximum likelihood fitting under this model framework

computationally feasible even for large data sets.



APPENDIX A

MATHEMATICAL DETAILS

A.1 Poisson Process on a Transformed Space

Let X be a Poisson process onR with rate functionλ(·). Then for any interval[a, b]∈R,

the number of points in the interval is Poisson, with disjoint intervals independent and

NX [a, b] ∼ Poi

(∫ b

a
λ(x)dx

)
. (A.1)

Let Y be the Poisson Process defined by the rate functionλ(·) on a transformed space,

namelyh(R), whereh:R→R. If h is assumed to be monotonic, then for any interval

[a, b]∈R, the new process will still place a Poisson number of points, with disjoint intervals

being independent.

For an interval[a, b]∈R, define the following:

NX([a, b]) = count under the original process (A.2)

and

NY ([a, b]) = count under the transformed process (A.3)

Then,

NY ([a, b]) = NX([h−1(a), h−1(b)]) (A.4)

which implies that

NY ([a, b]) ∼ Poi

(∫ h−1(b)

h−1(a)
λ(x)dx

)
. (A.5)

68
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So in order to obtain the rate function ofY , a functiony 7→ ρ(y) is required which obeys:

∫ b

a
ρ(y)dy =

∫ h−1(b)

h−1(a)
λ(x)dx . (A.6)

The Change of Variable Formula states that ifh is regular onH, then for

a, b∈image(H),

∫ b

a
λ(x) dx =

∫ h−1(b)

h−1(a)
λ(h(y)) |h′(y)| du (A.7)

Note that the order of the endpoints for the integral depends onh. Now, expressing the

change of variables formula under the transformationh−1 gives

∫ b

a
λ(x) dx =

∫ h(b)

h(a)
λ(h−1(y)) |(h−1)′(y)| dy (A.8)

⇒
∫ h−1(b)

h−1(a)
λ(x) dx =

∫ b

a
λ(h−1(y)) |(h−1)′(y)| dy (A.9)

Thus from Equation (A.6) we have

ρ(u) = λ(h−1(y)) · |(h−1)′(y)| , (A.10)

and therefore

NY ([a, b]) ∼ Poi

(∫ b

a
λ(h−1(y)) · |(h−1)′(y)|dy

)
, (A.11)

and a similar computation can be performed in the two-dimensional case where the absolute

value becomes a Jacobian term.

For the quasar research presented in this paper, we have

h(M, z) = ( M + DM(z) + K(z) , z ) (A.12)
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as the transformation from absolute magnitude into apparent magnitude, so that

h−1(m, z) = ( m− DM(z)− K(z) , z ) (A.13)

is the corresponding function to go from apparent magnitude into absolute magnitude. For

a regionRm = h(RM ) in m×z space, the two-dimensional version of Equation (A.11)

gives

Nm(Rm) ∼ Poi

(∫∫
Rm

γ(z) · λ(h−1(m, z)) ·
∣∣∣∣ ∂h−1

∂(m, z)

∣∣∣∣ dm dz

)
. (A.14)

But,

h−1(m, z) = (h−1
1 (m, z), h−1

2 (m, z)) = (m− DM(z)− K(z), z) (A.15)

which implies that

∣∣∣∣ ∂h−1

∂(m, z)

∣∣∣∣ =

∂h−1
1

∂m
∂h−1

1
∂z

∂h−1
2

∂m
∂h−1

2
∂z

=

1
(
−∂DM

∂z − ∂K
∂z

)
0 1

= 1− 0 = 1 (A.16)
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And therefore,

Nm(Rm) ∼ Poi

(∫∫
Rm

γ(z) · λ(h−1(m, z)) · |(h−1)′(m, z)| dm dz

)
(A.17)

∼ Poi

(∫∫
Rm

γ(z) · λ(h−1(m, z)) · 1 dm dz

)
(A.18)

∼ Poi

(∫∫
Rm

γ(z) · Φ(h−1(m, z)) · ψM (h−1(m, z)) dm dz

)
(A.19)

∼ Poi

(∫∫
Rm

γ(z) · Φ(h−1(m, z)) · ψm(m, z) dm dz

)
(A.20)

∼ Poi

(∫∫
Rm

γ(z) · Φ (m− DM(z)− K(z), z) ·

· ψm(m, z) dm dz)

(A.21)
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timeStart timeEnd timePeak location class number
4/2/1999 8:06 4/2/1999 8:29 4/2/1999 8:21 M 1.1
4/3/1999 13:39 4/3/1999 13:47 4/3/1999 13:44 S27E05 C 1.4
4/3/1999 14:52 4/3/1999 15:09 4/3/1999 15:01 N11E63 C 1.9
4/3/1999 20:00 4/3/1999 20:26 4/3/1999 20:17 S26E02 C 1.6
4/3/1999 20:44 4/3/1999 20:58 4/3/1999 20:50 N18E74 C 3.1
4/3/1999 22:16 4/3/1999 22:23 4/3/1999 22:20 S26E01 C 2.8
4/3/1999 22:56 4/3/1999 23:19 4/3/1999 23:10 N29E81 M 4.3
4/4/1999 5:15 4/4/1999 5:30 4/4/1999 5:25 N18E72 M 5.4
4/4/1999 21:47 4/4/1999 21:54 4/4/1999 21:50 C 2.3
4/5/1999 8:28 4/5/1999 8:33 4/5/1999 8:31 N17E57 C 1.2
4/5/1999 19:09 4/5/1999 19:16 4/5/1999 19:14 N18E52 C 2.6
4/5/1999 23:01 4/5/1999 23:15 4/5/1999 23:09 S28W26 C 3.3
4/6/1999 6:52 4/6/1999 7:22 4/6/1999 7:05 N22E47 C 3.5
4/6/1999 23:35 4/7/1999 1:15 4/7/1999 0:03 C 1.6
4/7/1999 4:32 4/7/1999 4:37 4/7/1999 4:35 C 1.1
4/7/1999 5:33 4/7/1999 5:39 4/7/1999 5:36 C 1.2
4/7/1999 9:20 4/7/1999 9:27 4/7/1999 9:24 N20E34 C 1.3
4/8/1999 5:11 4/8/1999 5:25 4/8/1999 5:19 N23E23 C 2.1
4/8/1999 7:39 4/8/1999 7:54 4/8/1999 7:48 N23E22 C 2.2
4/8/1999 8:10 4/8/1999 8:21 4/8/1999 8:16 N22E21 C 1.1

Table B.1: Example GOES soft X-ray flare data
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firstObs onset centPA width linSpd measPA
4/1/1999 11:54 4/1/1999 10:52 56 6 713 59
4/1/1999 14:30 4/1/1999 13:30 67 15 658 74
4/1/1999 19:31 4/1/1999 18:21 25 49 529 34
4/2/1999 1:31 4/1/1999 23:37 91 74 294 78
4/2/1999 6:06 4/2/1999 5:23 288 26 748 293
4/2/1999 7:31 4/2/1999 5:50 291 69 302 305
4/2/1999 8:30 4/2/1999 7:37 90 191 1068 79
4/2/1999 13:31 4/2/1999 11:57 244 20 326 244
4/2/1999 23:30 4/2/1999 22:13 162 133 447 158
4/3/1999 15:06 4/3/1999 13:43 228 88 375 234
4/3/1999 21:30 4/3/1999 20:10 92 58 797 79
4/3/1999 23:47 4/3/1999 22:38 74 156 923 38
4/4/1999 1:54 4/4/1999 1:27 171 87 307 164
4/4/1999 4:30 4/4/1999 3:23 119 70 671 115
4/4/1999 4:30 4/4/1999 3:23 273 132 451 299
4/4/1999 5:30 4/4/1999 4:51 65 173 1203 73
4/4/1999 14:06 4/4/1999 12:26 357 5 297 1
4/4/1999 19:31 4/4/1999 18:43 80 6 647 85
4/4/1999 22:30 4/4/1999 21:07 79 29 789 89
4/5/1999 1:54 4/5/1999 0:38 258 53 471 243

Table B.2: Example Catholic University CDAW coronal mass ejection data
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Redshiftz Apparent Magnitudem Extended
2.240 18.18 0
0.989 18.99 0
0.768 18.89 0
1.411 19.02 0
0.453 18.91 0
0.404 18.45 0
1.924 18.85 0
0.530 18.75 0
0.399 18.90 0
1.790 18.01 0
1.272 18.92 0
1.272 18.74 0
1.823 18.44 0
3.675 19.47 0
0.901 18.98 0
1.568 18.89 0
0.792 18.88 0
1.148 18.99 0
0.858 17.73 0
3.686 19.35 0

Table B.3: Example quasar data from the SDSS Data Release III
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Redshiftz Distance Modulus DM(z)
0.01 33.175
0.02 34.697
0.03 35.594
0.04 36.234
0.05 36.735
0.06 37.146
0.07 37.496
0.08 37.801
0.09 38.072
0.10 38.315
0.11 38.537
0.12 38.740
0.13 38.928
0.14 39.102
0.15 39.266
0.16 39.420
0.17 39.565
0.18 39.702
0.19 39.832
0.20 39.956

Table B.4: Example entries in the distance modulus DM table
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Redshiftz K Correction K(z)
0.00 0.596
0.01 0.587
0.02 0.569
0.03 0.531
0.04 0.462
0.05 0.372
0.06 0.268
0.07 0.203
0.08 0.170
0.09 0.157
0.10 0.156
0.11 0.155
0.12 0.154
0.13 0.160
0.14 0.167
0.15 0.184
0.16 0.241
0.17 0.208
0.18 0.193
0.19 0.192

Table B.5: Example entries in the K correction table
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Redshiftz Volume Differentialγ(z)
0.0000 0.000000
0.0001 0.090617
0.0002 0.362437
0.0003 0.815410
0.0004 1.449488
0.0005 2.264621
0.0006 3.260760
0.0007 4.437857
0.0008 5.795863
0.0009 7.334728
0.0010 9.054404
0.0011 10.954842
0.0012 13.035993
0.0013 15.297808
0.0014 17.740238
0.0015 20.363234
0.0016 23.166747
0.0017 26.150728
0.0018 29.315129
0.0019 32.659900

Table B.6: Example entries in the volume differentialγ(z) table
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Redshiftz Apparent Magnitudem Observational Probabilityψ(m, z)
0.00 15.00 1.000
0.05 15.00 1.000
0.10 15.00 1.000
0.15 15.00 1.000
0.20 15.00 1.000
0.25 15.00 1.000
0.30 15.00 1.000
0.35 15.00 1.000
0.40 15.00 1.000
0.45 15.00 1.000
0.50 15.00 1.000
0.55 15.00 1.000
0.60 15.00 1.000
0.65 15.00 0.980
0.70 15.00 0.995
0.75 15.00 1.000
0.80 15.00 1.000
0.85 15.00 1.000
0.90 15.00 1.000
0.95 15.00 1.000

Table B.7: Example entries in the observation probabilitiesψ(m, z) table
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Notation Definition
τD Onset time of a CME relative to the onset time of a flare
T Collection of relative timesτD
W Window half-width
γ Mixture parameter
µ Center of the bump
σ Spread of the bump

LR log-likelihood ratio statistic
M,P Parameters for the semi-greedy grid search

K Number of blocks that the temporal spectrum is divided into
L Length of a block in minutes

R1, R2 Number of bootstrapped data sets constructed

Table C.1: Symbolic Notation for Chapter 1

Notation Definition
z Redshift
m Apparent i-band magnitude
M Absolute i-band Magnitude (Luminosity)

DM(z) Distance modulus
K(z) K correction
γ(z) Spherical shell volume differential

ψ(m, z) Observational probability
Φ(M, z) Idealized quasar luminosity function

A Complexity parameter for absolute magnitude
B Complexity parameter for redshift
D Complexity parameter for interaction term
α Parameter vector for absolute magnitude
β Parameter vector for redshift
δ Parameter vector for interaction term
rd Deviance residual

Table C.2: Symbolic Notation for Chapter 2
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